A Banach space X has the alternative Daugavet property (ADP in short)if
Introduction
Given a real or complex Banach space X. Here and subsequently, for a real or complex Banach space X, we write B X for the closed unit ball and S X for the unit sphere of X. The dual space is denoted by X * and the Banach algebra of all continuous linear operators on X is denoted by L(X). Given a compact Hausdorff space K and a Banach space X, we write C(K, X) for the Banach space of all continuous functions from K into X, endowed with the supremum norm. If (Ω, Σ, µ) is a positive measure space, L p (µ, X) is the Banach space of all Bochner-integrable functions f : Ω → X with
If µ is σ− finite, then L ∞ (µ, X) stands for the space of all essentially bounded Bochner -measurable functions f from Ω into X , endowed with its natural f from Ω into X, endowed with its natural If (X, µ) is a positive measure space , L p (µ) is the Banach space of all measurable functions We say that a Banach space X has the alternative Daugavet property (ADP in short), if the norm identity
holds for all rank-1 operators T ∈ L(X). We will prove later that if every weakly compact operator on X satisfies (aDE), then X has the ADP (see Theorem 2.1). We shall show in this paper that generally the ADP from subspace into space is not transmitted and vice-versa (see Examples 2.2 and 2.3). The definition of the ADP is certainly related to the so-called Daugavet property. A Banach space X has the Daugavet property (DP in short ) (see [2] ) if every rank-1 operator T : X → X satisfies the norm equality
which has become known as the Daugavet equation. Given an operator T ∈ L(X) , the numerical range of T is the subset of the scalar field
The numerical radius is the seminorm defined on L(X) by
for each T ∈ L(X) . The numerical index of the space X is defined by
By [1] if X has the DP or n(X) = 1 . Then X has the ADP . 
The alternative Daugavet property and numerical index
Theorem 2.1. If every weakly compact operator on a Banach space X satisfies (aDE) , then X has the ADP . Proof of Theorem 2.1. Let T ∈ L(X) be with rank(T)=1. By [3, Theorem 4 .18] operator T is compact and, then, it is weakly compact. According to our assumption T satisfies (aDE). Therefore X has the ADP. Theorem 2.2. Every strictly singular operator on Banach space l 1 (N) satisfies (aDE). Proof of Theorem 2.2. Clearly l 1 (N) = L 1 (µ) , hence by [5, Example 1.1.14] n (l 1 (N)) = 1, therefore, l 1 (N) has the ADP . Let T be a strictly singular operator on l 1 (N) , by [12] T is compact, and thus it is weakly compact. Hence, by [1, Theorem 2.2] T satisfies (aDE). Theorem 2.3. If T is a strictly singular operator on l 1 (N) , then T * satisfies (aDE). Proof of Theorem 2.3. strictly singular operator on l 1 (N) , then, according to Theorem 2.2 T * satisfies (aDE). Definition 2.1. A closed convex and bounded set C in a Banach space X has the Radon-Nikodym property (RNP in short)if it satisfies the following property: Let (Ω, Σ) be a measurable space. and let τ be an X− valued measure and µ a scalar probability measure on (Ω, Σ).
A ∈ Σ By [ 9, Remark 6] if Banach space X has the RN P , then X has the ADP if and only if n(X) = 1. The following example shows that condition n(X) = 1 is essential. Example 2.1. Put X = L 2 (µ) . Since X is reflexive, according to [4, Corollary 5.12 ] it has the RN P , on the other hand, by [5, Example 1.1.14] n(X) < 1 . Therefore, by [1, Remark 2.4] X does not have the ADP . Now we set
is considered with Euclidean metre. According to [2] X has the DP so it has the ADP . Since X has the DP , by [2, Corollary 2.5] it has no the RN P . Moreover, according to [7, Theorem 5] Id + ωS = 1 + S .
Its reverse is proven similarly. Now, we present two examples of Banach spaces that shows the ADP from subspace into space is not transmitted and reversely. Let (Ω, Σ, µ) be a measurable space. A E set is called a atom fo µ whenever µ(E) > 0 and for every measurable set A ⊂ E, µ(A) = 0 or µ(A c 
Example
If X has the DP , then X contains a copy of l 1 (N ) (see [11, Theorem 2.9] ). The following example indicates that generally it does not hold for Banach spaces that have the ADP . Example 3.1. Let Y = C(K), and let K be a Hausdorff compact space with discrete metre. According to [5, Example 1.1.14] n(Y ) = 1 , so it has the ADP . But we know that for every 1 ≤ p < ∞, C(K) ⊆ L p (µ) ⊆ l 1 (µ). Let X = N , and let µ be the Counting measure on X . Hence C(K) ⊆ l 1 (N ), then Y contains no copy of l 1 (N ) . According to [11, Corollary 2.13 ] if X has the DP , then X * contains an isometric copy of L 1 (N ) . An example shows that this property about Banach spaces that have the ADP does not holds essentially.
. Let µ be the Counting measure on N , therefore, C(K) * ⊆ l 1 (N ) . Hence, Y * contains no copy of l 1 (N ) . Let X be a Banach space. For every ε > 0 and every x, y ∈ S X defined D(x, y, ε) = {z ∈ X :
x + y + z > 2 − ε, y + z < 1 + ε} and ρ(X) = {D(x, y, ε) : x ∈ S X , y ∈ S X , ε > 0}.
Definition 3.1. A Banach space X is said to be a U SD -nonfriendly space (i.e., uniformly strong Daugavet-nonfriendly) if there exists an α > 0 such that every closed absolutely convex subset A ⊂ X which intersects all the elements of ρ(X) contains αB X .
. According to [6, Corollary 2.6] X is U SD-nonfriendly. Since X is reflexive, by [4, Corollary 5.12 ] it has the RN P . On the other hand, by [5, Example 1.1.14] n(X) < 1 , therefore, it does not have the ADP . Let X be a Banach space and K a compact Hausdorff space. An example illustrates that C(K, X) has the ADP , and K has the isolated point. A point x 0 ∈ B X is said to be a strongly exposed point if there exists some x * ∈ X * so that x * (x 0 ) = x * = 1 and if there exists sequence {x n } in B X so that x * (x n ) → 1 implies x n → x 0 . An example indicates if B X of Banach space X has the strongly exposed point, then X has not the ADP in general. Example 3.8. Put X = L 2 (µ). Since X is reflexive, by [4, Corollary 5.12] it has the RN P . We know that B X is a closed convex and bounded set of X, so, by [4] it has the RN P . Finally, according to [4, Theorem 5 .17] B X has the strongly exposed point. Moreover, by [5, Example 1.1.14] n(X) < 1 , therefore X does not have the ADP
